It is demonstrated that the alternating Lipschitz-Lerch zeta function and the alternating Hurwitz zeta function constitute a discrete Fourier transform pair. This discrete transform pair makes it possible to deduce, as special cases and consequences, many (mainly new) transformation relations involving the values at rational arguments of alternating variants of various zeta functions, such as the Lerch and Hurwitz zeta functions and Legendre chi function.
Introduction and definitions
In a recent note [1] it was shown that numerous (known or new) seemingly disparate results involving various special functions, such as the Lipschitz-Lerch zeta function, Lerch zeta function, Hurwitz zeta function and Legendre chi function, could be established in a more general context provided by a discrete Fourier transform (DFT). In this sequel to [1] , we aim at deriving the analogous transformation formula which would be valid in the case of the alternating counterparts of these functions.
The alternating Hurwitz-Lerch zeta function defined by (cf. 
The main results and their proofs
To begin, we observe that, in what follows, it is assumed that p, r and q are positive integers and we set an empty sum to be zero. For more details regarding the DFT, the reader is referred to such standard text on the subject as the book by Weaver [5] . In order to simplify the presentation, we shall use the following definition: Proof. Assume that RðsÞ > 1. We omit the proof of (2.3) which proceeds in the same way as the proof of (2.1) in [1] and is based on the use of Simpson's series multisection formula (see, for instance, [6, p. 131] ) and Abel's theorem (see [7, p. 148] Thus the proposed transform relations are established for RðsÞ > 1. Lastly, it is obvious that the above formulas may be extended by applying the principle of analytic continuation on s as far as possible. It is well-known that f(s, a) is a meromorphic function in s 2 C, with a single simple pole as s = 1. On the other hand, f ⁄ (s, a) is an entire function in s 2 C. Similarly, / ⁄ (s, a, n) is also an entire function in s 2 C. In view of (2.1), we should consider separately the cases when q is even and when q is odd. If q is odd, then the formulas (2.3) and (2.4) are valid for any complex s. Otherwise, they are valid for any complex s (s -1). h Corollary. Suppose that n is a positive integer and that a 2 C n Z À 0 . Then, in terms of B n (x), E n (x) and / ⁄ (s, a, n), the following DFT pair holds true: where B n (x) and E n (x) are the Bernoulli and Euler polynomials defined by (1.6). h
Concluding remarks
We remark that a great deal of interesting and novel results could be obtained as special cases of Theorem and Corollary, but we choose only to deduce and record here, in the following Examples, respectively, the cases when a = 1 and a ¼ (s, a, n) . However, the previously obtained DFT pair involving / (s, a, n) [1, Theorem] and the DFT pair given by the above Theorem and involving / ⁄ (s, a, n) cannot be deduced from each other and they should be considered as two independent (and complementary) pairs associated with /(s, a, n). Together, they provide a very general context for a unified treatment of numerous (known or new) seemingly disparate results involving various special functions, such as the Lipschitz-Lerch zeta function and alternating Hurwitz-Lerch zeta function and their special cases.
In conclusion, note that recently derived closed-form formulas for the values of all derivatives of tangent and secant functions at rational multiple of p ([9, Theorem 2]; see also [10] ) are, in fact, special cases of the here presented results.
Indeed, they respectively follow from (3.2) and (3. ; n 2 N :
